It is shown that the specific "charge conjugation" transformation used to define the Majorana fermions in the conventional seesaw mechanism, namely (ν R ) C = Cν R T for a chiral fermion ν R , is a hidden symmetry associated with CP symmetry, and thus it formally holds independently of the P-and Cviolating terms in the CP invariant Lagrangian and it is applicable to charged leptons and quarks as well. This hidden symmetry, however, is not supported by a consistent unitary operator and thus it leads to mathematical (operatorial) ambiguities. When carefully examined, it also fails as a classical transformation law in a Lorentz invariant field theory. To distinguish it from the standard charge conjugation symmetry, we suggest for it the name of pseudo C-symmetry. A way to avoid the operatorially undefined pseudo C-operation is to reformulate the seesaw scheme by invoking a relativistic analogue of the Bogoliubov transformation.
Introduction
Recent impressive developments in neutrino physics are well summarized in [1] [2] [3] [4] [5] [6] [7] . The main remaining issue is a better understanding of the extremely small neutrino masses, and the seesaw mechanism [8] [9] [10] provides a convenient framework to analyze this fundamental problem. The Lagrangian of the seesaw mechanism is left-right asymmetric, and thus the conventional parity is broken. If one assumes CP invariance, then the charge conjugation C is substantially broken. On the other hand, the exact solutions of the seesaw Lagrangian are the Majorana fermions that are the exact eigenstates of the charge conjugation by definition. It is thus obvious that the charge conjugation to define the Majorana fermions in the seesaw mechanism cannot be identical to C, that defines CP and thus CPT of the starting seesaw Lagrangian. Moreover, the customary charge conjugation used to define the Majorana neutrino in the conventional seesaw scheme, when carefully examined, leads to mathematical (operatorial) inconsistencies [11, 12] . The purpose of the present paper is to clarify these puzzling aspects.
In the following, we shall use the term charge conjugation in seesaw (and, later on, pseudo C-transformation) for the operation used in defining Majorana neutrinos in the seesaw scheme, and denote it byC. This operation is explained in more detail below. In contrast, we shall name standard charge conjugation and denote it by C, the usual operation of charge conjugation as is stated in standard textbooks on field theory [13, 14] .
The standard definitions of classical C, P and CP transformations for a Dirac field ψ(x) are given by [13, 14] C : ψ(x) → ψ C (x) = Cψ T (x),
where we use the specific "iγ 0 -parity" instead of the more common γ 0 -parity for the reasons stated in Section 2 of the paper. The charge conjugation matrix is C = iγ 2 γ 0 in the convention of Ref. [13] . The transformation laws for the chirally projected fields are defined by
We recall that, if ν L is a left-handed spinor, then Cν L T is right-handed. As Cconjugation as internal symmetry has to conserve chirality, a salient feature of these transformation laws is that we have the doublet representations for C and P, i.e. left-and right-handed fields are mixed. This is intuitively easy to understand, because charge conjugation is an internal transformation, taking particle to antiparticle, while chirality is a space-time property, identifying the SU(2) subgroup of the Lorentz group SO(1, 3) = SU(2) L × SU(2) R under which a certain two-spinor transforms nontrivially. On the other hand, we have a self-consistent transformation law for each chiral component in the case of CP symmetry. For these reasons, it is a well-known fact that, for an independent Weyl field, C and P transformations are undefined, while CP is well-defined as written above.
Let us recall also that, in Lagrangian field theory, we first define a classical symmetry operation and then look for the quantum operator to realize it by Noether theorem in the case of continuous symmetries or other methods. In any quantum field theory, one should be able to define an operatorial realization of the charge conjugation transformation. For a free Dirac quantum field ψ(x), the unitary charge conjugation operation is defined as
which acts on the creation and annihilation operators by changing the operators for particle into operators for antiparticle, without affecting their momentum and spin.
The quantum operator C is realized in terms of creation and annihilation operator, according to a well-known prescription (see, e.g., [13] ). Naturally, the classical and quantum charge conjugation operations have to coincide, i.e.
In conclusion, the charge conjugation transformation of a quantum Dirac field has both quantum and classical realizations and it mixes the left-and right-chirality components.
Let us now consider one free quantum Majorana field, ψ M . This is essentially a Dirac four-component spinor, which satisfies the additional condition
We separate it into the chiral components:
When we implement the quantum charge conjugation transformation on ψ M L , for example, the field remains invariant, because the creation and annihilation operators for particle and antiparticle coincide:
When we apply the classical transformation, on the other hand, we find:
From (7) and (8) we obtain:
All the above transformation formulas are standard text-book knowledge, logically developed from the physical properties that C and P conjugations have to implement, namely that C changes particle to antiparticle, while P changes the momentum and helicity to their opposites.
However, the charge conjugation analysis in the conventional seesaw scheme [2, [4] [5] [6] does not go along the standard lines sketched above. In this framework, one constructs a Majorana fermion ν M (which diagonalizes the mass term of the Lagrangian) from a chiral fermion ν R , for example, in the manner
where
It is clear that the definition (11) differs from what we would normally expect for the charge conjugation of a Majorana chiral component (9) . For this reason, we denote this operation byC and we shall call it pseudo-C transformation (though in the literature it is denoted by C and called C-conjugation proper). It satisfies the relation
and the Majorana-type condition
in other words, it satisfies at least two properties analogous to the standard classical charge conjugation. Our purpose is to analyze in depth this atypical charge conjugation concept and determine whether it is a sound notion in every respect. As we shall see below, the pseudo-C transformation does not respect: i) the chirality conservation requirement;
ii) the operatorial realization requirement, in other words no quantum operator can be defined to implement the same transformation as (11); iii) internal consistency as a classical operation on spinors.
Let us analyze each point of the above checklist:
i) It is well known that the pseudo-C conjugation, being defined for ν L (x) and ν R (x) separately, as in (11) , changes the chirality of the field. The charge conjugation in seesaw is thus insensitive to the left-right mass asymmetry in the seesaw Lagrangian (see eq. (17)). This means that, were we able to find a quantum realization of it, that would change a particle of a given helicity to an antiparticle of the opposite helicity, therefore pseudo-C could not be an internal transformation.
ii) We assume the existence of a unitary operator C which satisfies Cν R (x)C † = νC R (x). Then,
and similarly for ν L (x). Here we used the fact that ν R (x) = (
)ν R (x) and the left-handedness of Cν R T (x) 1 . This sequence of equalities shows that there is a discrepancy between the classical definition of charge conjugation in seesaw and a possible quantum realization of it.
iii) One finds further puzzling aspects arising from the Ansatz (11) . One can confirm that, using (10),
If one assumes a transformation rule of charge conjugation in seesaw
1 Incidentally, for this definition of the seesaw charge conjugation operator, we formally have
as suggested by (11), it turns out that the first and second expressions in (15) are invariant under the transformation, while the last expression leads to a vanishing Lagrangian. We emphasize that the puzzling aspect in (15) arises from the assumed classical transformation rule (16), irrespective of the existence or non-existence of the quantum operator C. Consequently, the example (15) shows that even as a classical operation, the charge conjugation in seesaw (11) is ambiguous.
Remark that the three expressions in (15) are identical as long as one assumes the relation (10) . The reason for the vanishing of the last expression in (15) is that we use the symmetry (11) which is not consistently defined for chiral fields; the symmetry is not compatible with the explicit presence or absence of chiral projection operators
Any sensible definition of parity reverses the chirality, and thus the CP transformation defined as combination of the above pseudo-C conjugation (11) and a suitable parity acts as
and thus cannot be a symmetry of weak interactions, for example.
We thus see that the pseudo-C transformation (11) fails on all three counts that we have listed as consistency checks for this C-conjugation notion. On the other hand, when it is used in the conventional analysis of the seesaw Lagrangian, it identifies correctly the Majorana fermions. How comes then that an ill-defined concept leads to correct results?
The purpose of the present paper is to show that the pseudo-C conjugation (11) is in fact a hidden symmetry associated with CP invariance. It is shown that a way to avoid the operatorially undefined pseudo C-symmetryand explain consistently how Majorana neutrinos are defined in the seesaw mechanism is to use a relativistic analogue of the Bogoliubov transformation which has been formulated recently [11, 12, 15] .
2 Derivation of pseudo C-symmetry
Seesaw Lagrangian
We study a generic Lagrangian for the three generations of neutrinos,
where m D is a diagonal real 3 × 3 Dirac mass matrix (after an application of biunitary transformation), and m L and m R are 3 × 3 real symmetric matrices by assuming CP symmetry, for simplicity. The anti-symmetry of the matrix C and Fermi statistics imply that m L and m R are symmetric, and CP symmetry implies
Thus m L and m R are real symmetric. This is the Lagrangian of neutrinos with Dirac and Majorana mass terms. For m L = 0, it represents the classical seesaw Lagrangian of type I. In the following, we shall call the expression (17) as the seesaw Lagrangian for the sake of generality, but all the physical analyses are performed for the case m L = 0.
To diagonalize the mass terms in (17), the two chiral fields ν L (x) and ν R (x) are usually taken as the basic variables in the seesaw scheme. One may equally adopt a Dirac-type variable ν(x) as a basic variable and define
, respectively. These two choices are mutually invertible ν(x) = ν L (x) + ν R (x) and thus equivalent. This latter choice is used in the next section.
In the common seesaw scheme with chiral variables, which we follow in this section, the Lagrangian (17) is split into the left-handed part and the right-handed part with well-defined mass eigenvalues after the diagonalization of the mass terms. It is thus natural to define C, P and CP for those chiral variables. Historically, C, P and CP are defined for a Dirac fermion such as the electron in QED. Among those symmetry transformations, the CP transformation
is defined for theories only with ν L or ν R . The CP transformation thus potentially provides a good symmetry for chiral theories. It is in fact known that CP symmetry is valid for a general class of chiral or mixed theories. In the present problem, we can show that the Lagrangian (17) is invariant under CP if certain constraints on the mass parameters are satisfied.
In the above definition of CP we adopted the transformation rule of "iγ 0 parity" which is defined, for a generic Dirac field, by
which were used to infer the classical transformation laws of chiral fermions above. The non-trivial phase freedom of the parity transformation in fermion number non-conserving theory has been analyzed by Weinberg [14] . This definition of parity operation is the natural choice in a theory with Majorana fermions. The reason is that a Majorana fermion ψ M (x), which is defined by ψ M (x)(x) = Cψ M T (x), stays Majorana after parity transformation, i.e. the parity transformation preserves the Majorana condition: [11, 12] . The "iγ 0 parity" is crucial to assign a consistent intrinsic parity to an isolated Majorana fermion 2 . It is shown later in (48) that we can exactly diagonalize the Lagrangian (17) in the form
These variables satisfy the classical Majorana conditions
It is thus legitimate to look for some operatorC which satisfies
From the comparison of (22) and (23), it may appear natural to guess that the operatorC acts as follows:
This is precisely the pseudo C-symmetry transformation we discussed in (11) . By the token of eq. (14), an operatorC with the above properties cannot be defined. It is remarkable that the pseudo-C symmetry is formally an exact symmetry of the Lagrangian (20) but operatorially undefined. We clarify the precise nature of the pseudo C-symmetry in the following.
Pseudo C-symmetry as hidden symmetry associated with CP invariance
We shall examine now explicitly the CP-symmetry of the Lagrangian (17). The analysis of CP invariance of the fermion number preserving terms in the Lagrangian is the usual one. We thus analyze the CP invariance of the fermion number violating terms:
where we used {iγ 0 , C} = 0 and C T C = 1 [13] . This shows the CP invariance if m † L = m L and m † R = m R , and we can promote the above CP transformation rule (18) to a unitary operator in the context of the Lagrangian (17):
Now we come to the crucial observation of the present paper. We examine the CP transformation of the entire Lagrangian, but stop after cancelling the factor iγ 0 and changing the integration variables − x → x. We then have
This relation shows a remarkable property, namely, the CP invariance of the seesaw Lagrangian implies that the action is formally invariant under the replacements
independently of the values of mass parameters. Note that this symmetry is independent of space-time inversion, in spite of the fact that it changes the chirality of the field. This is precisely what we suggest to be called the pseudo C-symmetry (11) of the seesaw Lagrangian. A characteristic of the pseudo C-symmetry as a hidden symmetry associated with CP invariance is that it is defined for any CP invariant theory even if the separate well-defined P or C symmetries do not exist. Thus it is not influenced by the P and C violating left-right mass asymmetry of the seesaw Lagrangian. Moreover, this pseudo C-symmetry is also defined for "mass eigenstates" which diagonalize (17) as long as CP is preserved, for example, for the fields used in (10) . One can confirm that the relation (10) when ν M (x) is formally treated as an independent field is "covariant" under CP symmetry up to the common factor iγ 0 on both sides together with spatial inversion, while the relation (10) is invariant under the pseudo C-symmetry without any spatial inversion.
The pseudo C-symmetry is very general but unfortunately formal as is seen in the identity, for example,
Both expressions in (29) are invariant under the CP symmetry (26), while the first expression is invariant under the pseudo C-symmetry (28) but the second expression vanishes under the same symmetry. Also, the operatorial inconsistency of the pseudo C-transformation in (14) does not occur for the well-defined CP transformation in (26). We thus understand the origin of the operatorial indefiniteness of the pseudo C-symmetry as arising from the arbitrary elimination of the factor iγ 0 of the CP transformation (26) and thus resulting in the absence of a consistent unitary operator (14) and the inconsistency in (15) .
The pseudo C-symmetry can be defined for any CP invariant theory and thus for the Standard Model (except for the terms containing Kobayashi-Maskawa-type angles). One can introduce the pseudo C-transformation for charged leptons and quarks also; for example, in the case of the electron it will read:
In contrast, the standard C transformation is defined by e L (x) → Ce R (x) T and
T . The CP invariant weak interaction Lagrangian (for a single generation model) is written as
One can confirm that the first expression in L W is invariant under the pseudo Csymmetry (28) and (30) together with
, while the second identical expression of L W vanishes under the same pseudo C-symmetry [11, 12] . The pseudo C-symmetry is thus operatorially ill-defined.
The chirality of the pseudo C-transformation is reversed relative to the ordinary C transformation and, to our knowledge, a "consistent CP symmetry" defined as the combination of the pseudo C-symmetry and a sensible parity operation, which may be used for weak interactions, has not been given.
Seesaw formulation with Bogoliubov transformation 3.1 Single generation model
A way to avoid the use of the pseudo C-symmetry in the analysis of the seesaw model is to use the idea of a relativistic analogue of the Bogoliubov transformation [11, 12] . We first illustrate the basic procedure by analyzing the single generation model for which we can work out everything explicitly. We define a new Dirac-type variable
in terms of which the above Lagrangian is re-written as
The C and P transformation rules of ν(x) are defined by
and thus ν(x) ↔ ν C (x) under C and ν C (x) → iγ 0 ν C (t, − x) under P; CP is given by
The above Lagrangian (33) is CP conserving, although C and P (iγ 0 -parity) are separately broken by the last term for real m D , m L and m R . Note that here we are using the standard charge conjugation and parity transformation for Dirac fields.
To solve (33), we apply an analogue of Bogoliubov transformation between two sets of quantum fields, (ν, ν C ) → (N, N C ), defined as
with sin 2θ = (ǫ 5 /2)/ m
We can then show that the anticommutators are preserved, i.e. {N(t, x), N C (t, y)} = {ν(t, x), ν C (t, y)}, and thus it satisfies the canonicity condition of the Bogoliubov transformation. A transformation analogous to (35) is used in the analysis of neutron-antineutron oscillations [11] .
After the Bogoliubov transformation, which diagonalizes the Lagrangian with
with the mass parameter
The Lagrangian (36) is invariant under the charge conjugation defined by N C (x) =
CN(x)
T and the iγ 0 -parity defined by N(x) → iγ 0 N(t, − x) and thus
The essence of the present Bogoliubov transformation is a CPpreserving canonical transformation which modifies the charge conjugation properties; for example, ν ↔ ν C does not lead to N ↔ N C in (35) in the operatorial sense, although the relation N C = CN T is maintained. It is crucial that C-noninvariant fermion number violating "condensate" with ǫ 5 in (33) is converted to a C-invariant Dirac mass term of the Bogoliubov quasiparticle N(x) in (36). A transformation to a theory of the Bogoliubov quasiparticle N(x), which preserves both C and P, is a key to bypass the use of the pseudo C-symmetry. The parameter ǫ 5 is an analogue of the energy gap in the BCS theory.
The Lagrangian (36) is exactly diagonalized by
in the form
with masses M ± = M ± ǫ 1 /2. The charge conjugation and iγ 0 -parity properties, which are induced by the transformation properties of N(x), are
and thus define massive Majorana fermions. It is straightforward to define the unitary charge conjugation operator C M for the free fermions ψ ± (x), which satisfies
with C M |0 M = |0 M = |0 N , following the procedure in the textbook [13] ; in fact, the operator charge conjugation has the form C M = exp[iπn ψ − ], with the number
, and thus acts on ψ + (x) in a trivial manner. The original neutrino is expressed in terms of the Majorana fermions ψ ± if one uses (35) as
and
, but the unitary C operations on ψ ± → ±ψ ± in (42) do not reproduce ν c (x), reflecting the C breaking in the original Lagrangian (33).
The Majorana fields ψ ± (x) are the solutions of the exactly solvable Lagrangian (17). The vacuum defined by ψ (+) ± (x)|0 M = 0 is thus sufficient for all practical applications. But we encountered an analogue of Bogoliubov transformations, and thus it is interesting to examine the possible multiple-vacua structure. If one should define the vacuum by C ν (0)|0 ν = |0 ν , then |0 M = |0 ν , since one notes that
. In any case, C ν (t) is time-dependent since the C-transformation thus defined is not a symmetry of the Lagrangian (17). This implies that the vacuum of the Majorana fermions is different from the vacuum of the starting chiral fermions, when the latter are regarded as the chiral components of the Dirac neutrino field [11, 12] 3 .
Three generations model
For the sake of completeness, we briefly illustrate the basic procedure for the realistic three generations of leptons. We start with the Lagrangian (17) and write the mass term as
Since the mass matrix appearing is real and symmetric, we can diagonalize it by a 6 × 6 orthogonal transformation as
where M 1 and M 2 are 3 × 3 real diagonal matrices. We denote one of the eigenvalues as −M 2 instead of M 2 to define the natural Majorana mass later (note that
, respectively, for the single flavor case with m L = 0). We thus have
Hence we can write
of neutrino with CP invariance, one uses a 2
This transformation mixes the fermion and anti-fermion and in this sense changes the definition of the vacuum.
In the present orthogonal transformation (47), one can confirm thatν
for example, holds after the transformation. The exact solution (48) is re-written as (by suppressing the tilde symbol for the mass eigenstates)
if one defines the Dirac-type variable
Introducing two 3 × 3 diagonal real matrices by
Note that the terms with E 1 are C-invariant while the terms with The Bogoliubov transformation is thus defined by
The Lagrangian for the Bogoliubov quasiparticle N(x) is then given by [11] 
which is invariant under the charge conjugation defined by N C (x) = CN(x) T and the iγ 0 -parity defined by N(x) → iγ 0 N(t, − x) and thus
When one defines the Majorana fields
which satisfy the charge conjugation properties
which agrees with the conventional seesaw formula [2] [3] [4] [5] [6] [7] , since
We bypassed the use of the pseudo C-symmetry using the Bogoliubov transformation (52). It is straightforward to define the unitary charge conjugation operator C M = C N for the free fermions ψ ± (x), which satisfies
with
We have from the Bogoliubov transformation (52) and (54) (by restoring the tilde symbol for the mass eigenstates)
and the flavor fields from (47)
which shows that
where we defined 3 × 3 real matrices
Again we conclude C ν = C M , if one defines C ν ν(x)C † ν = ν C (x). One confirms that the CP operation of the Majorana fields
in the definition of ν(x) in (58) sends ν(x) to iγ 0 ν C (t, − x), namely, consistent with the direct transformation C ν P ν ν(x)(C ν P ν ) † = iγ 0 ν C (t, − x). The CP symmetry is preserved in the transition from original chiral fermions to Majorana fermions, although (formally defined) C ν and P ν are separately broken in (17) while both C M and P M are good symmetries in (55).
Conclusion
The conventional formulation of the seesaw mechanism [2, [4] [5] [6] customarily involves the use of a "pseudo C-symmetry" to define the Majorana fermions, to account for the phenomenological success of the seesaw mechanism. In this paper we have clarified the origin of this pseudo C-symmetry in the CP invariance of the seesaw Lagrangian. Therefore it is defined for any fermions such as charged leptons and quarks in the SM also. The pseudo C-symmetry is thus very general, but it is operatorially undefined.
The operatorial indefiniteness of the pseudo C-symmetry motivated us to reformulate the seesaw Lagrangian by rewriting it in a form analogous to the BCS theory. Then a relativistic analogue of Bogoliubov transformation leads to Majorana fermions in an algebraically well-defined manner. The discrepancy between the C conjugation expected from the original Lagrangian in the Dirac neutrino limit and the C conjugation in the picture of Majorana neutrinos is taken care of by an analogue of Bogoliubov transformation [11, 12] . The Bogoliubov transformation belongs to a class of canonical transformations which are more general than the familiar orthogonal or unitary transformations. We emphasize that in this treatment, connecting ν L and ν R by charge conjugation and parity into a Dirac field as in (32) is a justified option and it is in the spirit of Bogoliubov's approach to the BCS theory. In (35), the fields in the left-and right-hand sides are quantum fields, for which reason we could speak about the canonicity condition for them. The idea of Bogoliubov is that one can quantize the theory in terms of fields that do not diagonalize the Lagrangian and, by a canonical (Bogoliubov) transformation, arrive at the physical quantum fields in terms of which the Lagrangian is diagonal. The scheme with Bogoliubov transformation has the unique virtue of connecting two interesting quantum theories of massive neutrinos, namely the Dirac and Majorana types. 4 The present work was initiated when one of us (KF) was visiting Institute of High Energy Physics (IHEP), Chinese Academy of Sciences, Beijing. KF thanks Zhizhong Xing and Shun Zhou for critical comments and hospitality at IHEP. We thank Masud Chaichian for helpful comments. KF is supported in part by JSPS KAKENHI (Grant No.18K03633).
